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ARTICLE

New analytical method for computing moment redistribution in RC beams 
under concentrated load
Mohamed A. Farouka and Khaled F. Khalilb#

aCivil Engineering Department, Delta University, Egypt; bCivil Engineering Department, Zagazig University, Zagazig, Egypt

ABSTRACT
Computing the moments in RC structures after the yield by linear elastic analysis can lead to an 
inaccurate assessment of the behaviour due to the nonlinear behaviour. Therefore, it can 
become necessary to use more advanced methodologies to achieve a higher degree of 
performance optimisation of structures than those resulting from the simplified approaches 
adopted by existing design codes based on linear elastic analysis with redistribution of internal 
forces. The moment redistribution is supposed to start after occurring the cracks of concrete, 
but with small ratio. In this study, the moment redistribution before the yielding will be 
neglected, and the redistribution is focused after the yield. This paper suggests 
a mathematical model to investigate the moment redistribution in RC beams after yielding 
analytically. In the suggested mathematical model, the beam after forming the plastic hinges is 
converted into a virtual beam that can be analysed by structural linear analysis. The plastic 
hinges in the virtual beam will be represented as rotational springs having a linear rotational 
stiffness against the induced moment. The actual moments can be found through derived 
relationships in the mathematical model between it and the virtual moment. The mathematical 
model was verified and it gave values of moment matching experimental results. Also, 
a comparison for degree of moment redistribution among the suggested mathematical 
model and several design codes was performed. The analytical results indicate that the 
proposed mathematical model can be used for analysis of moment redistribution of RC beams.
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plastic hinge and 
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1. Introduction
Moment redistribution is dependent on adequate ducti-
lity in plastic hinge regions. Plastic hinge regions develop 
at sections of maximum positive or negative moment 
and cause a shift in the elastic moment diagram. The 
usual result is a reduction in the values of maximum 
negative moments in the support regions and an increase 
in the values of positive moments between supports from 
those computed by elastic analysis.

However, because negative moments are deter-
mined for one loading arrangement and positive 
moments for another, economies in reinforcement 
can sometimes be realised (depending on the load 
pattern) by reducing maximum elastic positive 
moments and increasing negative moments, thus nar-
rowing the envelope of maximum negative and posi-
tive moments at any section in the span. The plastic 
hinges permit the utilisation of the full capacity of 
more cross-sections of a flexural member at ultimate 
loads (ACI – 318-19).

The primary experiments regarding the moment 
redistribution in continuous reinforced concrete 
beams had been achieved by Mattock (1959) and 
Cohn (1964). Their works indicated that the redistri-
bution of the design bending moments up to 25% does 
not appreciably change the curvature and the crack 

widths in a continuous RC beam designed by using the 
elastic theory. Scholz (1993) investigated and verified 
the influence of the various beam slenderness and 
stiffness on the moment redistribution in continuous 
RC beams using the ductility concept. He compared 
his proposed approach with the allowable moment 
redistribution given within the Canadian code, and 
concluded that his approach predicts greater realistic 
results for moment redistribution in comparison to 
the results of the Canadian code. Lin and Chien (Lin 
and Chien 2002) studied the effect of longitudinal and 
transverse reinforcement on the ductility and moment 
redistribution of 26 continuous RC beams. They con-
cluded that the transverse reinforcements confine the 
concrete and increase the ductility and moment redis-
tribution in the continuous flexural members. In con-
tinuous concrete members, moment redistribution 
may take place with the primary crack initiation and 
its evolution may be influenced by some phases such 
as the formation of plastic hinges at critical sections 
(Lou, Lopes, and Lopes 2013). The authors have 
recently conducted a numerical investigation into 
redistribution of moments in two-span continuous 
reinforced NSC and HSC beams (Lou, Lopes, and 
Lopes 2014b). There are many parameters that may 
affect notably the ductility and moment redistribution 
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in concrete members (Kodur and Campbell 1999; Lou, 
Lopes, and Lopes 2014c). Of these parameters, the 
transverse reinforcement or the resulting confinement 
has been recognised as an important parameter 
(Sheikh, Laine, and Cui 2013). According to the stan-
dards for concrete structures, such as the Eurocode 
(2004), American standard [2018] and Canadian 
standard (2004), it is permissible to make use of linear 
elastic analysis with limited moment redistribution for 
continuous reinforced concrete beams at the ultimate 
limit state, without an explicit check of the structural 
ductility. However, the allowable moment redistribu-
tion varies slightly between standards. In the Eurocode 
and Canadian standards, the allowable moment redis-
tribution is a function of the ratio of the depth of 
compression and the effective depth, c/d, whilst 
according to the American standard, the moment 
redistribution is a function of the strain in the tensile 
reinforcement. Additionally, the Eurocode accounts 
for the concrete class through two separate equations 
for normal-strength concrete (fck � 50 MPa) and 
high-strength concrete (fck> 50 MPa). In order to 
ensure sufficiently safe moment redistribution, the 
degree of moment redistribution is limited to 30% in 
the Eurocode and 20% in the American and Canadian 
standards. The upper limit according to the Eurocode 
is valid for structures with longitudinal reinforcing 
steel in ductility class B (1.08 � ft=fy and 
5.0% � εsu) or class C (1.1 � ft=fy<1.35 and 
7.5% � εsu), whilst the degree of moment redistribu-
tion is limited to 20% in steel ductility class A (1.05 �
ft=fyand 2.5% � εsu). The percentage degree of 
moment redistribution can be calculated using Eqs. 
(1) -(2) for the Eurocode, Eq. (3) for the American 
standard and Eq. (4) for the Canadian standard:

η ¼ 56 � 125ð0:6þ 0:0014
εcu
Þ c

d fck � 50Mpa(1)
η ¼ 46 � 125ð0:6þ 0:0014

εcu
Þ c

d fck > 50Mpa(2)
η ¼ 1000εs(3)η ¼ 30 � 50 c

d (4)

where εcuis the concrete compressive ultimate 
strain, fck is the concrete compressive characteristic 
strength, c is the neutral axis depth, d is the effective 
cross-section depth and εs is the longitudinal tensile 
reinforcement strain. According to the American stan-
dard, the reinforcement tensile strain is required to be 
� 0.75% to allow moment redistribution to take 

place. In Figure 1, the allowable degree of moment 
redistribution is illustrated for the three standards for 
normal-strength concrete and steel ductility class B or 
C. Available moment redistribution in reinforced con-
crete structures is influenced by several factors, with 
the available plastic rotation capacity of critical regions 
identified as the most important factor, CEB-FIP 
(1998). Further, the plastic rotation capacity depends 
on factors related to material, structure and loading. 
The main factors for linear elements subjected to such 
moment redistribution are the concrete strength, the 
reinforcing steel strength and ductility, the interaction 
between reinforcing steel and concrete, the size and 
shape of the cross-section, the tensile and compression 
reinforcement ratio, the shear reinforcement ratio, 
detailing of the reinforcement, the slenderness ratio 
and, moreover, the static system, and associated load 
characteristics.

To ensure sufficient plastic rotation capacity, and 
thus to determine the capacity for moment redistribu-
tion, a numbers of models with various levels of com-
plexity can be used, CEB-FIP (CEB-FIP 1998). 
Generally, the more complex models are based on 
the definition of the moment–curvature relationship 
or the moment–rotation relationship, whilst simpler 
models are based on graphs of the plastic rotation 
capacity. For instance, the Eurocode (2009) proposes 
a graphical model for estimating available plastic rota-
tion capacity as a function of the ratio between con-
crete compressive depth and sectional effective depth, 
ductility of reinforcing steel, concrete characteristics 

Figure 1. Allowable moment redistribution for continuous reinforced concrete beams according to Eurocode (EC2), American 
standard (ACI) and Canadian standard (CSA).
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and shear slenderness. Advanced analysis of the struc-
tural ductility can also be carried out using nonlinear 
finite element analysis, as described in work such as 
Rodrigues EA et al (2013), Gamino AL et al (2007).

2. Analytical solution

2.1. The materials modelling

i. Concrete constitutive model
The concrete constitutive model in the analytical 

solution will be represented as shown in Figure 2, the 
first part is ascending branch and will be represented 
as in Eq. (5) proposed by Saenz (1965) 

σ ¼
E0ε

1þ ðE0
Esc
� 2Þð ε

εmax
Þ þ ð ε

εmax
Þ

2 (5) 

Where: Esc is the secant modulus of elasticity at the 
peak stress, E0 is the initial modulus of elasticity and 
εmax is the strain at peak stress. The stress in the second 
part of the curve is assumed to be constant with 
increasing the strain.

ii. Reinforcement steel modelling
The reinforcement steel will be modelled as an 

elastic strain-hardening material as shown in Figure 3

2.2. The curvature after yielding

By using the shown stress and strain distribution over 
RC section in Figure 4, Mohamed A. Farouk and 
Khaled F. Khalil (2020) based on analytical solution 
presented the following relationships which are useful 
in the current study: 

c ¼
� � þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 4λψ

p

2λ
(6) 

where 

� ¼ ðA‘
sf

‘
s þ AsðεcE� � fy þ E�εyÞ (7) 

ψ ¼ � AsE�εcd (8) 

λ ¼
φb
2
ðσ þ 2

X0:9

N¼0:1
ðσNÞÞ (9) 

Where: N = 0.1, 0.2, 0.3, . . . .0.9, φ is the ratio of 
segment height to the depth of neutral axis from 
compression fibre (c), in the current analysis φ is 
assumed to equal to 0.1.

Figure 2. Concrete modelling.

Figure 3. Reinforcement steel modelling.

Figure 4. Stress and strain distribution of a reinforced concrete section.
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The bending moment which is corresponded to the 
assumed value of concrete strain can be calculated as 
follows:

(10)
The bending moment can be formulated as 

M ¼
φbc2

2
σð1 � 0:5φÞ þ

X0:9

N¼0:1
ð2σnð1 � 10NφÞ

" #

þ A‘
sf

‘
s ðd � d‘Þ

(11) 

The curvature at any stage of loading after the yield 
can be calculated as the following equation 

ϕ ¼
εc

c
(12) 

At the ultimate moment 

ϕu ¼
εcu

cu
(13) 

where εcu: the concrete strain at ultimate moment.
cu: the depth of compression zone at ultimate 

moment
At the yield moment 

ϕy ¼
εcy

cy
(14) 

where εcy: the concrete strain at yield moment
cy: the depth of compression zone at yield stage can 

be calculated based on linear analysis by solving the 
following equation 

b
2

c2
y þ nðAs � A‘

sÞcy � nðA‘
sd

‘ þ AsdÞ ¼ 0 (15) 

where n: the modular ratio 

εcy ¼ εsy
cy

d � cy
(16) 

2.3. Simplified equation for computing plastic 
rotation capacity

For the shown cantilever beam in Figure 5, the total 
rotation (θtotal) over the beam length can be divided 
into elastic (θel) and plastic (θpl) rotations. The plastic 
hinge rotation (θpl) on each side of the critical section 
can be defined as: 

θp ¼

ðly

0
ðϕðxÞ � ϕyÞ:dx (17) 

In which, lyis the beam length over which the bend-
ing moment is larger than the yielding moment (My) 
or the distance between the critical section and the 
location where tension steel bars start yielding and 
ϕðxÞis the curvature at a distance x from the critical 
section at the ultimate load stage.

Mohamed A. Farouk and Khaled F. Khalil (2020) 
analysed five simply supported beams under middle 

concentrated load with varying the steel reinforcement 
ratio in-between (0.0074 to 0.0294), to compute the 
plastic hinge rotation. They concluded that the rela-
tionship between the moment and curvature after the 
yield can be considered linearly as shown in Figure 6. 
This means the curvature takes the same shape of the 
bending moment. As a result, the curvature through 
the yield length also can be assumed linear as shown in 
Figure 7.

Thus, the equation of computing the plastic rota-
tion at the ultimate moment can be simplified as 
follows: 

θpu ¼
1
2
ðϕu � ϕyÞly (18) 

ly depends on the loading type, in the present 
case, ly ¼

Mu� My
Mu 

θpu ¼
L
4
ðϕu � ϕyÞ

Mu � My

Mu
(19) 

2.4. The relationship between a virtual moment 
and the plastic rotation

The curvature will be assumed linear through the 
loading after yielding till the ultimate, this is because 
as mentioned before that the curvature will take the 
same shape of the moment which will be linear till the 
ultimate. So, the plastic rotation at any stage of loading 
can be formulated generally as 

θp ¼
1
2
ðϕ � ϕyÞ:ly (20) 

Whereϕ: the curvature of middle section at any step of 
loading 

Figure 5. The curvature and the bending moment of cantilever 
beam.
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ly ¼
ðM � MyÞ

Q
¼ ΔM=

p
2

(21) 

M is the bending moment of the middle section at any 
step of loading, Q is shearing force at yield section. Eq. 
(20) can be rewritten as 

θp ¼
1
2
ðϕ � ϕyÞ

ΔM
p=2

(22) 

By using Eq. (22), the plastic rotation at any loading 
step can be easy computed, not only at the failure 
stage. The relationship between θp and ΔM in Eq. 
(22) is nonlinear relationship, it is possible to obtain 
on a linear relationship between the plastic rotation 
and another moment as follows:

Figure 6 shows the relationship between the 
moment and curvature of the previous analysed 
beams (1,2,3,4 and 5), it was clearly observed that 

ϕ � ϕy

M � My
¼
ϕu � ϕy

Mu � My
¼ const: (23) 

By multiplying the right side of Eq. (22) by 
ΔML=ΔML, the equation can be rewritten as 

θp ¼
L
2
ðϕ � ϕyÞ

ΔM
:

ΔM2

pL=2
(24) 

By substituting Eq. (23) in Eq. (24), the last equation 
becomes as 

Figure 6. The moment–curvature relationship of the analysed beams.

Figure 7. The moment–curvature relationship of the analysed 
beams.

Figure 8. Modelling of yielding zone.
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θp ¼
L
2
ðϕu � ϕyÞ

ΔMu
:

ΔM2

pL=2
(25) 

It can be put const: ¼ 1
Kθ
¼ L

2 :
ðϕ� ϕyÞ

ðM � MyÞ
(26)

And 

M� ¼
ΔM2

PL=2
(27) 

The plastic rotation capacity at any loading step can be 
rewritten as 

θp ¼
M�

Kθ
(28) 

Eq. (35) shows a linear relationship between the plastic 
rotation and a virtual moment. By using this relation-
ship, the RC beam can be modelled as a virtual beam 
after yielding by representing the plastic zone as inter-
mediate hinge with rotational spring as shown in 
Figure 8 and Figure 9. This spring has a rotational 
stiffnessKθwhich can be computed based on Eq.(26). 
M* is the induced moment in the virtual beam that fits 
linearly with the plastic rotation. The main purpose of 
converting the original beam to virtual beam, where 
a virtual moment fits linearly with the plastic rotation 
is obtaining the moments in indeterminate beams 
after the yield as the shown in the next section.

3. Mathematical model to compute the 
moment redistribution in continuous R.C 
beams under concentrated load

The concept of the suggested mathematical model for 
computing the moment redistribution after the yield, 
that converting the original beam to a virtual beam 
which can be analysed by the linear analysis. In the 
virtual beam, the plastic zones will be represented as 

a pin connection with rotational spring (KθÞthat can 
be deduced as in Eq. (26). The applied load in the 
virtual beam is the difference between the actual load 
on the original beam and the yield load. After obtain-
ing the virtual moment at the rotational spring (M*) 
by using one of the linear structural analysis methods, 
the actual moment at the plastic zones will be com-
puted based on the relationship between it and the 
virtual moment such as in Eq. (27). In the current 
analysis, the cracks will be assumed that spread in 
the most of the beam between the plastic zones. 
Thus, the flexural rigidity (EI) of the beam which is 
used in the linear analysis will be considered as (EcIcr), 
where the elastic modulus concrete is according to 
ACI (2019) (Ec ¼ 4700

ffiffiffiffi
f ‘
c

p
N/mm2), and (IcrÞis the 

cracking modulus of inertia. A continuous beam as 
shown in Figure 10 will be studied to illustrate the 
concept of the mathematical model.

3.1 The virtual beam and Stiffness of the 
rotational springs for continuous beam under 
concentrated load

As mentioned before that the relationship between the 
moment after yielding and the curvature can be 
assumed linear, thus the curvature through the yield 
length can be assumed linear as well. As a result, the 
plastic rotation can be computed by Eq.(27).

If the yield occurs at the negative moment zone as 
shown in Figure 9, lycan be determined as 

M� ve � My ¼ ΔM� ve ¼ Q:ly (29) 

Q ¼
p
2
þ

M� ve

L
(30) 

Figure 9. Continuous beam as example for analysing.
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ly ¼
ΔM� ve

P=2þM� ve=L
(31) 

By substituting Eq. (31) in Eq. (20), and multiplying 
the right side of result equation by ðM� ve� MyÞ

ðM� ve� MyÞ
L
L , the 

equation will as

θp ¼
L
2
ðϕu� ϕyÞ

ðMu� MyÞ
: ΔM2

� ve
p=2þM� ve=L ð

1
LÞ (32) it can be 

put 1
Kθ
¼ L

2
ðϕu� ϕyÞ

ðMu� MyÞ
(33)

And, 

M�� ve ¼
ΔM2

� ve

p=2þM� ve=L
ð
1
L
Þ (34) 

Figure 10. Modelling the virtual beam.
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Equation (32) can be transformed to a linear equa-
tion as 

θp ¼
M�� ve

Kθ
(35) 

whereKθ, M�� ve are the spring rotational stiffness at the 
support and the negative moment in a virtual beam, 
respectively.

If the yield occurs at the positive moment zone, Eq. 
(20) will be as 

θpðrelÞ ¼
1
2
ðϕ � ϕyÞ:ðlyR þ lyLÞ (36) 

where θpðrelÞ: The relative plastic hinge of the middle 
section.

lyR, lyLare the right and left yield lengths, 
respectively.

And lycan be determined as 

Mþve � My ¼ ΔMþve ¼ QR:lyR (37) 

QR ¼
p
2
þ

M� ve

L
(38) 

lyR ¼
ΔMþve

P=2þM� ve=L
(39) 

Also, 

Mþve � My ¼ ΔMþve ¼ QL:lyL (40) 

QL ¼
p
2
�

M� ve

L
(41) 

lyL ¼
ΔMþve

P=2 � M� ve=L
(42) 

By substituting Eqs. (39,42), in Eq. (36) and making 
the same steps of the negative zone, it can be obtained 
on the following: 

1
Knthetam

¼
L
2
ðϕu � ϕyÞm
ðMu � MyÞm

(43) 

Kθ: The rotational stiffness for positive zone
ðϕu;ϕyÞm: The ultimate curvature and yield curva-

ture of the middle section, respectively.
ðMu;MyÞm: The ultimate moment and yield 

moment of the middle section, respectively. 

M�þve ¼
ΔM2

þve

L
ð

1
p=2þM� ve=L

þ
1

p=2 � M� ve=L
Þ

(44) 

θpðRelÞ ¼
M�þve

Kθ
(45) 

where:Knthetam, M�þve are the spring rotational stiffness 
and the positive moment at middle section in a virtual 
beam, respectively.

From Eqs. (35) and (45), the beam can be trans-
formed after yielding to a virtual beam, and the plastic 
zones can be represented as a pin connection with 
rotational spring. The stiffness of these springs can 
be computed as in Eqs. (33) and (43).

3.2. Computing the actual bending moments 
after yielding

The virtual moments (M*) will be computed by using 
linear structural analysis. Then, by solving Eqs. (34) 
and (44), the actual negative and positive moments 
can be computed as follows:

By solving Eq. (34) for negative zone, the actual 
moment is determined as 

M� ve¼

� ð� 2My� M�� veÞþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð� 2My� M�� veÞ
2
� 4ðM2

y � M�� vepL=2Þ
q

2
(46) 

And by solving Eq. (44) for positive zone, the actual 
moment is determined as 

Mþve¼

� ð
� 2p

L Myþ
2p
L M�þveÞþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð
� 2p

L My�
2p
L M�þveÞ

2
� 4:ðpLþ

4
L2M�þveÞð

p
LM2

yÞ

q

2ðp=Lþ4=L2M�þveÞ

(47) 

Equations (46) and (47) are solutions for Eqs. (34) and 
(44), and these equations are for a specific case that is 
symmetric continuous beam consisting of two bays. 
But if there are several adjacent bays and more than 
one concentrated load, it is more difficult obtaining 
similar equations such as in Eq. (46) and (47), because 
of that the shearing force which is a part of computing 
the actual negative bending moments depending on 
these moments. Thus, for more generalisation, the 
equations can be simplified by computing a part of 
shearing force that depends on the actual negative 
moments approximately as follows:

For negative moment zone, computing the shearing 
force can be simplified as 

Q ¼
p
2
þ
ðM� veÞInitial

L 

where (p/2) is as shearing force for simply supported 
beam, and ðM� veÞInitial

L is the simplified shearing force 
due to the negative moment effect. Initial actual 
moment will be computed by omitting the shearing 
force due to the negative moment in Eq. (34) as: 

M�� ve ¼
ΔM2

� ve

p=2
ð
1
L
Þ (48) 

ðM� veÞinitial ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:5pLM�� ve

p
þMy (49) 

Eq. (34) becomes as 
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M�� ve ¼
ΔM2

� ve

p=2þ ðM� veÞinitial=L
ð
1
L
Þ (50) 

By solving Eq. (50), the actual negative moment can be 
computed, then by substituting it in Eq.(44), the actual 
positive moment will be computed as well.

3.3. Computing the bending moments (M*) at 
yielding zones in the virtual beam

In this section, a fixed beam under concentrated load 
as shown in Figure 10 will be analysed as a model that 
can be easily modified to suitable several cases as 
shown later. Computing the virtual moment in this 
model will be discussed as an example. The series of 
plastic hinges formation can be anticipated from the 
expected elastic moments. It can be assumed in the 
current evaluation that, the first plastic hinge is 
formed at the left fixed support and within the increase 
of load, another two plastic hinges are formed at the 
middle section under the load and the right fixed 
support. So, the moments in the element may go 
through five stages. The elastic stage in the elastic 
behaviour is the primary degree, the second stage is 
after forming the plastic hinge at the left support, in 
this stage, the fixed support will get replaced with a pin 
support with rotational spring in a virtual beam as 
shown in Figure 10. The third stage is when the actual 
moment at the middle section under load reaches the 
yield, an intermediate hinge with rotational spring will 
be inserted in the virtual beam. The fourth stage is 
when a plastic hinge forms at the right fixed support, 
where the fixed support will get replaced with a pin 
support with rotational spring. The last stage is when 
the actual moment on the fixed supports reaches Mu, 
and the actual moment at the middle section under 
load increases until reaching Mu in which the failure 
mechanism is taking place. In this stage, the beam 
behaves as a simply supported beam. The other stages 
are when the beam is indeterminate and it can be 
solved by one of the structural analysis methods such 
as the force method or finite element method. By 
assuming that the virtual beam is at the fourth stage, 
the main system of the beam in the force method is 
chosen as in Figure 10, and the solution equations will 
be as follows: 

δ10 þ Q�mδ11 þM�mδ12 ¼ 0 (51) 

δ20 þ Q�mδ21 þM�mδ12 ¼ θpm:rel: ¼
� M�m

Knthetam
(52) 

where:
Q�m : Shear force at the middle section of the virtual 

beam.
M�m : The induced moment at the middle section of 

the virtual beam.
θ2rel:: Relative plastic rotation at middle section. 

δ10 ¼
p � ��

3EI
ðL3

1 � L3
2Þ þ p � � � ð

L2
1

Kθ1
�

L2
2

Kθ2
Þ (53) 

where: 

P � �� ¼ pt � p3m (54) 

P���: The applied load in the virtual beam at fourth 
stage.

Py3: The load which causes yield moment at the 
right fixed support.

Pt : The load at any stage after forming right plastic 
hinge.

Kθ1: The rotational stiffness of spring at left 
support.

Kθ2: The rotational stiffness of spring at right 
support. 

δ11 ¼
1

3EI
ðL3

1 þ L3
2Þ þ ð

L2
1

Kθ1
þ

L2
2

Kθ2

Þ (55) 

δ12 ¼ δ21 ¼
1

2EI
ðL2

1 � L2
2Þ þ ð

L1
Kθ1

�
L2

Kθ2
Þ (56) 

δ20 ¼
p���

2EI
ðL2

1 þ L2
2Þ þ p���ð

L1
Kθ1

þ
L2
Kθ2

Þ (57) 

δ22 ¼
1
EI
ðL1 þ L2Þ þ

1
Kθ1
þ

1
Kθ2

(58) 

By substituting Eqs. (53, 55, 56) in Eq. (51), and Eqs. 
(56,57,58) in Eq. (52) and solving the result equations. 
The induced internal forces can be determined as 

M�m ¼
1

δ2
12

δ11
� δ22 �

1
Knthetam

� � δ20 �
δ12

δ11
:δ10

� �

(59) 

Qm ¼
δ10

δ11
�

Mmδ12

δ11
(60) 

M�L ¼ p���L1 þ Q�mL1 þM�m (61) 

M ¼ P���L2 � Q�mL2 þM�m (62) 

Where:
M�L : The moment at the left support in the virtual 

beam
M�R : The moment at the right support in the 

virtual beam
If the analysis is in another sequence, where the 

induced moments at the fixed supports exceed the 
yield moment and the middle moment does not 
reach the yield, Eqs. (51–52) can be used with the 
comply with modifications:

Knthetamin Eq. (52) will be equally to “∞”, and 
Mm

Knthetam
= zero
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3.4. Summary of using the suggested 
mathematical model

● Finding (ϕy,My, ϕu and Mu) of each section at the 
support and middle section, let (ϕys,Mys)be for 
the section at the support and (ϕym,Mym) for the 
middle section.

● Determining yield load which causes yield at the 
support by elastic structural analysis (pys).

● Converting the original beam to a virtual beam 
by inserting rotational spring at the support with 
linear rotational spring (Kθs ¼ 2ðMus� MysÞ

Lðϕus� ϕysÞ ).
● By the increase of load over (pys), and the applied 

load on the virtual beam is

(p�s ¼ p � pys). The virtual beam will be analysed by 
the force method or finite element method to obtain 
the virtual moment (M*).

● By using the following equation

M� ve ¼
� ð� 2My � M�� veÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð� 2My � M�� veÞ

2
� 4ðM2

y � M
p �

� ve
Þ

2 for 
simple case as beam in Figure 9 or by solving the 
approximate simple equation 
(M�� ve ¼

ΔM2
� ve

p=2þðM� veÞinitial=L ð
1
LÞ) to obtain the actual 

moment of the original beam. If the yield will be 
occurred at the middle section before the failure sec-
tion at the support. In this case, another rotational 
spring is inserted at this section in the virtual beam, 
and the same previous steps will be performed.

If the beam in Figure 10 is as another analysed 
example which is more comprehensive, by assuming 
that yield will occur firstly at the section of left sup-
port, and this section does not reach the ultimate 
before yield occurring at middle section and the sec-
tion of right support, respectively. This analysis can be 
concluded by the flow chart in Figure 11.

where the shown terms in the flow chart are defin-
ing as:
ðS:FÞmod:1 : shear force of the yield section at sup-

port 1 in the original beam due to the analysis of 
virtual beam mode.1 and is 

as ðS:FÞmod:1 ¼
p
2þ

ðM1Þinitial � M3
L

� �
.

M1act ,M2act and M3act : the actual moments after the 
yield at sections 1,2 and 3, respectively.

M�1 , M�2 and M�3 : the virtual moments at sections 1,2 
and 3 in the virtual beam, respectively
ðM1Þinitial: is computed as in Eq. (49)
ðS:FLÞmod:2 : shear force of yield section at left of 

concentrated load in the original beam due to the 

analysis of virtual beam mode.2 and is 

as ðS:FLÞmod:2 ¼
p
2þ

ðM1Þinitial� M3
L

� �

ðS:FRÞmod:2 : shear force of yield section at right of 
concentrated load in the original beam due to the 
analysis of virtual beam mode.2 and is 

as ðS:FRÞmod:2 ¼
p
2 �

ðM1Þinitial � M3
L

� �
.

py1, py2 and py3: the load which causes the yield at 
sections 1, 2 and 3, respectively.

pt :- the total load at any stage, p� ¼ pt � py1, p�� ¼
pt � py2 and p��� ¼ pt � py3.

In fact to make the presented model more compre-
hensive and valid as well as more easy to apply, the 
virtual beam can be solved by using finite element 
method through modifying the stiffness matrix for 
the beam element according to form of the plastic 
hinges. The elastic overall matrix of the shown beam 
in Figure 10 will be modified to fit the different stages 
of plastic hinges forming as follows: 

R1
M1
P2
M2
R3
M3

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

¼

R1
0

P�
0

R3
M3

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

¼

v1 θ1 v2 θ2 v3 θ3
12EI
L3

1

6EI
L3

1

� 12EI
L3

1

6EI
L2

1
0 0

6EI
L3

1

4EI
L þKθ1

� 6EI
L3

1

� 2EI
L1

0 0
� 12EI

L3
1

� 6EI
L2

1

12EI
L3

1
þ12EI

L3
2

� 6EI
L2

1
þ6EI

L2
2

� 12EI
L3

2

6EI
L3

2
� 6EI

L2
1

� 2EI
L1

� 6EI
L2

1
þ6EI

L2
2

4EI
L1
þ4EI

L2

� 6EI
L2

2

� 2EI
L

0 0 � 12EI
L3

2

� 6EI
L2

2

12EI
L3

2

� 6EI
L2

2

0 0 � 6EI
L2

2

� 2EI
L2

� 6EI
L2

2

4EI
L2

2

6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
5

v1
θ1
v2
θ2
v3
θ3

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

(63) 

In Eqs. (64) and (65), the value of coefficients 
ðα; βÞdepend on the condition of v2L ¼ v2R

3.5. Verification of the suggested mathematical 
model experimentally

Two series of continuous beams under middle con-
centrated load were tested by Chien-Hung Lin et al. 
(Lin and Chien 2002) to cover investigation of the 
effect of section ductility on moment redistribution. 
The details of these beams are shown in Figure 12 and 
Table 1 . By using the suggested mathematical model, 
these beams will be analysed and the redistribution 
moment will be computed and compared to the 
experimental results.

The stress-strain curve of reinforcement steel of the 
analysed beams can be simulated by the following 
equations:

For 
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εs < εy; fs ¼ ðεs=εyÞfy (66) 

For 

εy � εs � εsh; fs ¼ fy (67) 

For 

εsh � εs � εsu; fs ¼ C0 þ C1εs þ C2ε2
s þ C3ε3

s þ C4ε4
s

(68) 

where εsh is the strain at which strain hardening begins 
andεu is the ultimate strain. Properties of the reinfor-
cement and the values of the coefficients are shown in 
Table 2–3 respectively.

The concrete model used in this analysis is based on 
the concrete modelling in Figure 2

The section was assumed to fail, when the concrete 
or reinforcement reached the ultimate strain. The 
following ultimate strain of concrete was used in the 
numerical analysis (Corley (1966)) 

εcu ¼ 0:003þ 0:02ðb=zÞ þ ðρsvfy=138Þ2 (69) 

ρsv: the volumetric ratio of reinforcement steel, b: the 
beam width

z: the distance between the critical section and 
contraflexure point.

Set A beams were designed to have plastic hinges 
formed at mid-span (positive moment), while set 
B beams were designed to be hinged at support point 
(negative moment). An extra longitudinal reinforce-
ment was added to prevent yielding of the sections 
outside the predicted hinging area. The virtual beam 
for the beams of set B can be modelled as the beam in 
Figure 10, where the beam is considered as fixed at 
point c and the rotational stiffness at spring support 
A can be assumed equal to 1E� 5 and the virtual 
moment can be computed by using Eqs. (59) and 
(61). The virtual beam model of the beams of set 
A and the solving equations were built as the same 
manner. Figures 13–18 show the comparison of the 
moment-load among the elastic analysis, the suggested 
mathematical model and the experimental results of 
the analysed beams.

It was observed from the comparison that the results 
of the mathematical model after yield are close to the 
experimental results, where the average differences 
between them for the all analysed beams do not exceed 
5.6%. It seems that computing the moment by the 
mathematical model after yield is acceptable. Also, it 
was observed that there is a big gap between the elastic 
analysis and the results by each of the mathematical 
model and experimental tests.

4. Degree of moment redistribution

The redistribution of moments may be measured in 
terms of redistribution defined by 

η ¼
Mel � Mact

Mel
(70) 

In which, Mel: elastic moment, Mact: actual moment. 
A reinforced rectangular beam continuous over two 
equal spans to which two centre-point loads are sym-
metrically applied at mid span, as shown in Figure 19, 
this reinforced rectangular beam is used as a reference 
beam for studying the degree of moment redistribu-
tion. The cylinder compressive strength of concrete is 
taken as 30 MPa. The area of tensile steel over the 
negative moment region As2 varies between 1200 and 
6600 mm2, while the ratio As2=As1 is fixed at 0.8. For 
the compressive steel, As3 ¼ As4= 600 mm2. The yield 
strength and elastic modulus of steel are taken as 328 
MPa and 200 GPa, respectively. The stress–strain 
curves of the concrete and reinforced steel which are 
used in this analysis are as shown in Figures 2–3. and 
the ultimate strain of the concrete is as in Eq. (69).

Figures 20–24 show degree of moment redistribu-
tion of the analysed beams.

By using the suggested mathematical model, the 
degree of the moment redistribution can be computed 
after yielding to the ultimate stage, not only at the ulti-
mate stage as in the common codes. If assumed accord-
ing to ACI (ACI Committee 318 2019), Eq.(71), that the 
studied beams which have reinforcement steel ratio (ρs) 
in-between (0.73–2) %, are under reinforcement. While 
for the steel ratios 3% and 4%, the beams will be over 
reinforcement. It was observed for under reinforced 
beams that degree of moment redistribution of the nega-
tive moment is high and it reaches 25%, 18.4% and 16% 
for beams of ρs2 0.73%, 1.5% and 2%, respectively. 

ρs max : ¼
3β1f ‘

c
8fy

(71) 

While in the over reinforcement beams, degree of 
moment redistribution for these beams was obviously 
weak.

The plastic rotation can be computed easily after 
yield to the ultimate stage by the relationship between 
it and the moment in the virtual beam (θp ¼

M�
Kθ

). 
Figure 26–30 show the relationship among the plastic 
rotation, virtual and actual negative moments. The 
figures illustrate how to transform the nonlinear rela-
tionship between the plastic rotation and actual 
moment to linear relationship between the plastic 
rotation and virtual moment to ease the analysis.

5. Comparison with code predictions

Four code recommendations are investigated, EC2 
(CEN 2004), ACI (ACI Committee 318 2019), CSA 
(CSA 2004) and BSI (BSI 2007). The EC2, ACI and 
CSA equations were presented in Eqs. (2), (3) and (4) 
respectively. The equation of BSI is as in Eq. (72). 
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η ¼ 30 � 50
c
d

(72) 

The maximum redistribution is 30% for EC2 and BSI 
while 20% for CSA and ACI. The same beams which 
were analysed in section (4), will be studied to com-
pare degree of moment redistribution among the sug-
gested mathematical model and code predictions.

Figure 31 and Table 4 show a comparison of the 
degree of moment redistribution among the suggested 
mathematical model and the other codes. It was 
observed the mathematical model gives close results 
to the results of CSA for studied beams. Also, for ρs 

(2%, 3% and 4%), there was a convergence between the 
results of ACI and the mathematical model. EC2 and 
BSI gave far values for the degree of moment redis-
tribution comparing to the mathematical model.

The mathematical model takes into consideration 
the section geometry, materials properties, reinforce-
ment ratios as well as the effect of the yield length of 
several zones on the induced moments, while most of 
the recommended equations by different codes such as 
EC2 and ACI depended on strains in steel or concrete 
and section geometry without considering the yield 
length. So, this may lead to major differences of the 
results between the mathematical model and the 

Figure 11. Flow chart for an analysed fixed beam.
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Figure 12. Details of the tested beams (see Chien-Hung Lin et al.(Lin and Chien 2002)).

Figure 13. Moment vs. load for beam A1.

Figure 14. Moment vs. load for beam A5.
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different codes, especially for the cases of low reinforce-
ment steel ratio where the moment redistribution is 
clear.

6. Summary and conclusions

Computing the moments in RC structures after yield 
needs complicated analysis due to the nonlinear beha-
viour and linear elastic analysis in this stage can lead to an 
inaccurate assessment. A mathematical structural model 
was suggested in this research to compute the moment 

redistribution and plastic rotations in continuous R.C 
beams under concentrated load. This model can be 
used after yielding to the failure stage. The following 
conclusion has been drawn out of the presented study:

● After yielding, RC beam in the suggested mathe-
matical model is converted into a virtual beam 
having rotational springs to represent the plastic 
zones in the original beam. The rotational springs 
have a constant stiffness in the virtual model to 

Figure 15. Moment vs. load for beam A11.

Figure 16. Moment vs. load for beam B2.

Figure 17. Moment vs. load for beam B5.
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facilitate elastic analysis by one of the linear 
structural analysis such as (force method). And 
by presented transformation relationship 
between the virtual and actual moments, the vir-
tual moment can be computed.

● Based on the approved simplified equation of the 
plastic rotation capacity in this work which 
depend on the relationship between the moment 
and the curvature after yield to the ultimate stage, 
the mathematical model takes into consideration 
the section geometry, materials properties, 

reinforcement ratios as well as the effect of the 
yielding of several zones on the induced 
moments.

● The mathematical model was verified experimen-
tally by analysing two tested sets of continuous 
beams. The results of the mathematical model are 
close to the experimental results, and the differences 
between them for all studied beams do not exceed 
5.6%.

Figure 18. Moment vs. load for beam B12.

Table 1. Details of the analysed beams.

Specimen No. As A‘
s ρ=ρb ρρ ρb � ρb f ‘

c ρb

A1 2-#5 2-#3 0.222 0.08 26.5 0.036
A5 2-#5 2-#3 0.231 0.125 25.4 0.034
A11 2-#5 2-#3 0.17 0.061 34.6 0.047
B2 2-#4 2-#3 0.177 0.1 21.2 0.029
B5 2-#5 2-#3 0.277 0.149 21.2 0.029
B12 2-#5 2-#3 0.161 0.058 38.9 0.049

Table 2. Details of reinforcement steel.
# fy(Mpa) εy εsh εsu fsu(Mpa)

#3 469 0.00245 0.02283 0.191 667
#4 427 0.00228 0.02650 0.215 604
#5 339 0.00164 0.03638 0.218 471

Table 3. Details of the coefficients.
# C0 C1 C2 C3 C4

#3 316 9.25E3 −1.03E5 5.35E5 −1.05E6
#4 287 6.93E3 −6.29E4 2.63E5 −4.10E5
#5 173 6.88E3 −6.83E4 3.05E5 −5.07E5

Figure 19. Details of the analysed beam in degree of moment redistribution.
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● A comparison of the degree of moment redistri-
bution among the suggested mathematical 
model, EC2, ACI, CSA and BSI was performed. 
The mathematical model gives results close to the 
results of CSA for the studied beams. Also, for ρs 
(2%, 3% and 4%), there was a convergence 
between the results of ACI and the mathematical 
model, but EC2 and BSI gave far values.

● The presented mathematical model for computing 
the moment redistribution can be developed for 
more comprehensive and valid as well as more 
easy to apply by modifying the stiffness matrix of 
the virtual beam through including the rotational 
stiffness of springs at plastic zones. Moreover, the 
approximate following equation

( 

Figure 20. Development of moment.

Figure 21. Development of moment redistribution of beam 1(ρs2 =0.73%) redistribution of beam 2(ρs2 =1.5%).

Figure 22. Development of moment.
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M�� ve ¼
ΔM2

� ve

p=2þ ðM� veÞinitial=L
ð
1
L
Þ

for computing actual moments can be used to gen-
eralise and facilitate the presented model.
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Figure 26. The relationship among actual moment.

Figure 27. The relationship among actual moment, virtual moment and plastic rotation for, virtual moment and plastic rotation for 
beam 1(ρs2 = 0.73%) beam 2(ρs2 = 1.5%).

Figure 28. The relationship among actual moment Figure 29 the relationship among actual moment, virtual moment and plastic 
rotation for, virtual moment and plastic rotation for beam 3(ρs2 = 2%) beam 4(ρs2 = 3%).
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Figure 29. The relationship among actual moment, virtual moment and plastic rotation for beam 4(ρs2 = 3%).

Figure 30. Actual moment vs. plastic rotation for the analysed beams.

Figure 31. Comparison for degree of moment redistribution among the mathematical model and code predictions.
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